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Abstract. Let F be a lattice in a simply-connected solvable Lie group. 
We construct a Q-defined algebraic group A such that the abstract 
commensurator of F is isomorphic to .4(Q) and Aut(F) is commensu- 
rable with A{Z). Our proof uses the algebraic hull construction, due to 
Mostow, to define an algebraic group H so that commensurations of F 
extend to Q-defined automorphisms of H. We prove an analogous re- 
sult for lattices in connected linear Lie groups whose semisimple quotient 
satisfies superrigidity. 
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1. Introduction 

Given a group F, its abstract commensurator Comm(r) is the set of equiv- 
alence classes of isomorphisms between finite index subgroups of F, where 
two isomorphisms are equivalent if they agree on a finite index subgroup of 
r. Elements of Comm(r) are called commensurations of T. The abstract 
commensurator forms a group under composition. 

The computation of Comm(r) is a fundamental problem. Commensu- 
rations play an important role in the study of rigidity, see e.g. jMar91] . 
|Zim84j . Commensurations also arise in classification problems in geometry 
and topology, e.g. |FW05j . [FW08| . [Avrllj . |NR92j . [LLRll] . 

The structure of Comm(r) is often much richer than that of Aut(r). For 
example, Aut(Z") « GL„(Z) while Comm(Z") « GL„(Q). There are a few 
notable exceptions, which include the cases that F is a higher genus mapping 
class group, that F = Out(i^„) for n > 4, or that F is a nonarithmetic lattice 
in a semisimple Lie group not locally isomorphic to PSL2(M). In these cases, 
Comm(F) is virtually isomorphic to F; see [I va97j . [FH07j . |Mar91| . 

This paper is motivated by the following problem. 

Problem. Let G be a (connected, linear, real) Lie group and let F < G be 
a lattice. Compute Comm(F). 

Standing Assumption. Unless otherwise noted, in this paper every Lie group 
is assumed to be real and connected, and to admit a faithful continuous linear 
representation. In particular, semisimple Lie groups have finite center. 

Every Lie group G satisfies a short exact sequence 

1 ^ Rad(G) ^ G ^ C ^ 1, 

where Rad(G) is the maximal connected solvable normal Lie subgroup of G, 
and G** is semisimple. The study of Lie groups therefore roughly splits into 
three pieces: one for solvable groups, one for semisimple groups, and a final 
piece to combine the previous two. Our computation of Comm(F) follows 
this outline. 

Semisimple G: Suppose G is a connected semisimple Lie group, not lo- 
cally isomorphic to SL2(M), and F < G is an irreducible lattice. Then the 
computation of Comm(F) is a result of work by Borel, Mostow-Prasad, and 
Margulis. Recall that the relative commensurator of F in G is defined as 

CommG(F) = {(7 E G | F n gTg^^ is of finite index in F and gVg^^^ . 

• If F is abstractly commensurable to G(Z) for some Q-defined, adjoint 
semisimple algebraic group G with no Q-defined normal subgroup N such 
that N(M) is compact, then CommG(F) = G(Q) |Bor66) . (Such a lattice 
F is called arithmetic.) For example, if F = PSL„(Z) for n > 2, then F is 
abstractly commensurable with the group G(Z), where G is the Q-defined 
algebraic group G = SL„/Z(SL„), and so CommG(F) = G(Q). (Note 
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however that the group G(Q) is much larger than SL„(Q)/Z(SL„(Q)), 
which is sometimes written as PSLn(Q); see §7.31 for details.) 

• A major theorem of Margulis [Mar91| says that F is arithmetic if and only 
if [CommG(r) : F] = oo, which occurs if and only if CommG'(r) is dense 
in G. 

• If G has no center and no compact factors, then every commensuration of 
r extends to an automorphism of G by Mostow-Prasad-Margulis rigidity 



|Mos73j . 

• The inner automorphisms of a semisimple real Lie group are finite index 
in the automorphism group. We therefore have 

, . . I G(Q) if r is arithmetic 



where H = K if and only if H and K are abstractly commensurable, i.e. 
contain isomorphic finite index subgroups. See Theorem 17.51 for a more 
precise statement. 

Remark. In the case G = PSL2(M), every lattice is either virtually free or 
virtually the fundamental group of a closed surface group. In either case, 
the abstract commensurator is not linear; see Proposition 17.61 The abstract 
commensurator of a surface group has been studied in [Qdd05| and |BNOO| , 
and may be described as a certain subgroup of the mapping class group of 
the universal 2-dimensional hyperbolic solenoid. 

Solvable G: Suppose G is a connected, simply-connected solvable real Lie 
group and T < G a lattice. In contrast with the semisimple case, Aut(r) 
is not abstractly commensurable with T. On the other hand, the fact that 
Aut(r) is commensurable with the Z-points of a Q-defined algebraic group 
holds for both arithmetic lattices in higher rank semisimple groups and 
lattices in simply-connected solvable groups. The similarity is reflected in 
the abstract commensurator. 

For example, consider G = and F = Z". Then Aut(Z") = GL„(Z) 
is arithmetic in the Q-defined real algebraic group Aut(M") = GL„(M), and 
Comm(F) = GL„(Q). Our first main theorem extends this to lattices in 
arbitrary simply-connected solvable groups. 

Theorem 1.1. Let T be a lattice in a connected, simply- connected solvable 
Lie group G. Then there is some <Q-defined algebraic group Ar such that 



and the image o/ Aut(F) in ^r(Q) is commensurable with ^r(Z). 

Remark. If G is nilpotent then ^r(IK) = Aut(G); see Theorem 14.21 

A fundamental difficulty in dealing with lattices in solvable groups is lack 
of rigidity; automorphisms of a lattice may not extend to automorphisms 
of its ambient Lie group, even virtually. There are a number of results 




if F is non-arithmetic 



Comm(F) « ^r(Q) 
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addressing this to some extent, most notably [Wit95j . Instead of applying 
results providing rigidity in the ambient Lie group, our proof of Theorem ll.il 
utilizes the virtual algebraic hull, a connected solvable Q-defined algebraic 
group H in which T virtually embeds as a Zariski-dense subgroup. There is 
a natural map 

^ : Comm(r) ^ Aut(H) 

such that C( is Q-defined for each [(f)] € Comm(r). The automorphism 
group Aut(H) naturally has the structure of a Q-defined algebraic group, 
and we set A equal to the Zariski-closure of ^(Comm(r)) in Aut(H). 

A finite index subgroup of Comm(r) can be understood fairly concretely, 
r has a unique maximal normal nilpotent subgroup Fitt(r) < T. Let F de- 
note the Zariski-closure of Fitt(r) in H. Define Commji|p(r) to be the group 
of commensurations trivial on F/ Fitt(r). By rigidity of tori, CommH|F is of 
finite index in Comm(r). The group CommH|F decomposes as the product 
of the group of commensurations arising from conjugation by elements of 
F(Q) and the group of commensurations fixing a maximal Q-defined torus 
T < H. See g53]and g6]for details. 

Remark. Mostow's algebraic hull construction is extended to certain vir- 
tually polycyclic groups F in |Bau04) . and this huh is applied in |BG06j 
describe Aut(F) and Out(F). Our proof of Theorem 11.11 is heavily based 
on the techniques in [BG06| . However, the abstract commensurator only 
depends on F up to finite index, and therefore requires less attention to 
delicate structure of F. 

General G: When G is not necessarily either semisimple or solvable, we 
prove: 

Theorem 1.2. Suppose G is a connected, linear Lie group with simply- 
connected solvable radical. Suppose T < G is a lattice with the property that 
there is no surjection <j) : G ^ H to any group H locally isomorphic to any 
SO(l,n) or SU(l,n) so that (p{T) is a lattice in H. Then 

(1) T virtually embeds in a Q-defined algebraic group G with Zariski- 
dense image so that every commensuration [0] E Comm(F) induces 
a unique Q-defined automorphism of G virtually extending (j). 

(2) There is a Q-defined algebraic group B so that 

Comm(F) ^ B{Q) 

and the image o/Aut(F) in B is commensurable with B{'L). 

The group G of Theorem 11.21 is, roughly speaking, constructed as the 
semidirect product of the virtual algebraic hull H of the "solvable part" 
of F and a semisimple group S such that S(Z) is commensurable with the 
"semisimple part" of F. The technical work comes first in making this 
precise, and second in constructing an action of S on H compatible with the 
group structure of F. 
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In the case that T surjects to a non-superrigid lattice, commensurations 
do not generally extend to automorphisms of G. The hypothesis that T 
does not surject to a lattice in either SO(l,n) or SU(l,n) is used to apply 
the superrigidity results of Margulis and Corlette, which are used to extend 
commensurations of F to automorphisms of G. Additional commensurations 
arise from the nontriviality of H^(T, Q); see ^ 

Remark. If A is a Q-defined algebraic group, then there is a natural map 
H : AutQ(A) —7- Comm(A(Z)). If A is unipotent, or if A is Q-simple, 
semisimple, and such that A(M) is not compact and has no factor isogenous 
to PSL2(M), then S is injective because A(Z) is Zariski-dense in A, and 
H is surjective because A(Z) is strongly rigid in A by results of Malcev 
and Mostow-Prasad-Margulis (see Theorems 14.21 and I7.3P . See |GP99b] for 
similar results for solvable arithmetic groups. 

The difficulty in proving our results comes from the fact that lattices 
in solvable Lie groups need not be commensurable with the Z-points of 
any algebraic group; see |Seg83| for an example. When P is a lattice in a 
simply-connected solvable group, the algebraic hull construction provides an 
algebraic group H so that P virtually embeds in H(Z), but in general P is 
too small to be commensurable with H(Z). Despite this, automorphisms of 
H extending commensurations of P may readily be understood in terms of 
the algebraic structure of H. 

Outline: We review basic results in the theory of linear algebraic groups 
in ?}2l We define and review basic properties of the abstract commensurator 
in ^ including definitions of commensuristic and strongly commensuristic 
subgroups. 

In ^we prove Theorem 1 1.1 1 for nilpotent G using classical rigidity of nilpo- 
tent lattices. In ^ we review the basic theory of polycyclic groups and the 
definition of the algebraic hull. Our exposition largely follows |BG06] . We 
define the unipotent shadow, and discuss the algebraic structure of Aut(H). 
In ^}6]we prove Theorem ll.il 

In ^}7] we review results on commensurations of lattices in semisimple Lie 
groups, which are due primarily to Borel, Margulis, and Mostow-Prasad. In 
f|8]we combine the solvable and semisimple cases to prove Theorem 11.21 

Acknowledgements: I am pleased to acknowledge helpful conversations 
with Matt Emerton, Wouter van Limbeek, Madhav Nori, John Sun, Pre- 
ston Wake, Alex Wright, and Kevin Wortman. I am deeply grateful to Dave 
Morris for many helpful conversations and correspondences about lattices 
in Lie groups. Benson Farb and Wouter van Limbeek provided helpful com- 
ments on early drafts of this paper. Above all, I am immensely thankful to 
Benson Farb for setting me on my feet and providing me with support and 
encouragement as I learned to walk. 
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2. Notation and preliminaries 

Let Z, Q, M, and C denote the integer, rational, real, and complex num- 
bers, respectively. Let C C be a subfield. A group T virtually has a 
property P if there is a finite index subgroup of T with P. In particular, 
if r < G, say that a homomorphism (p : T ^ H virtually extends to a ho- 
momorphism $ : G — )■ -ff if there is a finite index subgroup Fq < F so that 

'^lr„ = '^'lro- 

2.1. Algebraic groups. We use the basic theory of linear algebraic groups. 
A good general reference is |Bor91| . Our preliminaries overlap with those 
in [BG06]. 

An algebraic group A is a subset of GL„(C) for some natural number n 
that is closed in the Zariski topology. An algebraic group A is K-defined 
if it is closed in the Zariski topology with closed subsets those defined by 
polynomials with coefficients in K. A iC-defined algebraic group is called a 
iT-group. A ET-group is K-simple if it has no connected normal K-de&ned 
subgroup, and absolutely simple if it has no connected normal subgroup 
defined over C. (Such groups are sometimes called "almost i^-simple" or 
"absolutely almost simple," respectively.) 

If i? is a subring of C, then define A{R) = An GL„(i?) C GL„(C). 
If y is a complex vector space with a fixed basis, then V{R) denotes the 
collection of i?- linear combinations of basis vectors. Every algebraic group 
has finitely many Zariski-connected components. The connected component 
of the identity A° is a finite index subgroup of A. 

Proposition 2.1 (cf. |Bor911 1.3]). If A is K-defined and F < A{K) is a 
subgroup, then the Zariski- closure of T is a K-defined subgroup. 

Proposition 2.2 (cf. |Bor9H 18.3]). If A is a connected K -defined algebraic 
group, then A{K) is Zariski-dense in A. 

A homomorphism of algebraic groups is a group homomorphism that is 
also a morphism of the underlying affine algebraic variety. If both vari- 
eties are X-defined and the variety morphism is defined over K, then we 
say that the homomorphism of algebraic groups is K-defined. A K-defined 
isomorphism is a -fC-defined morphism of algebraic groups with an inverse 
that is also /C-defined. Let Aut(A) denote the group of automorphisms 
of A as an algebraic group, and Autft:(A) denote the group of K-defined 
automorphisms of A. 

Quotients and semi-direct products of ii'-defined algebraic groups exist: 

Lemma 2.3 (cf. |Bor9H 6.8]). Suppose G is a K-defined algebraic group and 
H < G is a normal, closed, K-defined subgroup. Then G/H is a K-defined 
algebraic group, and the quotient map vr : G — )• G/H is K-defined. 

Lemma 2.4 (cf. |Bor91t 1.11]). Suppose G and H are K-defined algebraic 
groups. Suppose G acts on H , and the action map a : G x H ^ H is 
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K -defined. Then the semi- direct product H y\ G naturally has the structure 
of a K-defined algebraic group. 

A torus is an algebraic group isomorphic to (C*)" for some n. Because 
the automorphism group of a torus is discrete, we have: 

Lemma 2.5 (cf. |Bor91l 8.10]). Let T be any torus and A any algebraic 
group acting on T by homomorphisms, so that the map A x T — t- T is a 
morphism of varieties. Then acts trivially on T. 

Let A be a /C-defined algebraic group. The unipotent radical Ua of A is 
the unique maximal closed unipotent normal subgroup of A. The solvable 
radical Rad(A) of A is unique maximal connected closed solvable normal 
subgroup of A. Both Ua and Rad(A) are X-defined subgroups of A. Say 
A is reductive if Ua is trivial, and semisimple if Rad(A) is trivial. A Levi 
subgroup is a connected reductive subgroup L < A so that A = Ua x L. 

Theorem 2.6 (Mostow, see |PR94t Theorem 2.3]). For any K-defined al- 
gebraic group A, there is a K-defined Levi subgroup L. Moreover, any re- 
ductive K-defined subgroup is conjugate by an element of\JA.{K) into L. 

The following summarizes some standard results concerning solvable al- 
gebraic groups. 

Proposition 2.7 (cf. [Bor91t 10.6]). LetH be aQ-defined connected solvable 
algebraic group. Then: 

(1) Uh consists of all unipotent elements ofH. 

(2) [H,H] CUh. 

(3) There is a Q-defined maximal torus T < H. 

(4) Any two maximal <Q-defined tori are conjugate by an element of 
[H,H](Q). 

(5) If T is a Q-defined maximal torus, then H is a semidirect product 
H = Uh X T. 

(6) IfD is the centralizer of a maximal torus and F < Uh is any normal 
subgroup containing [H, H], then H = F • D. 

2.2. Semisimple Lie and algebraic groups. A general reference for the 
theory of semisimple algebraic groups used here is |Mar9H Chapter 1] . 

If A is an M-defined algebraic group, then A(M) is a real Lie group with 
finitely many connected components. We always consider A(M) with its 
topology as a Lie group. In particular, A(M)^ denotes the connected com- 
ponent of the identity in the Lie group topology. 

Proposition 2.8 ( |Zim84| ). Suppose S is a connected semisimple Lie group 
with trivial center. Then there is a Q-defined semisimple algebraic group S 
so that S = S(M)°. 

An isogeny of algebraic groups is a surjective morphism with finite kernel. 
An isogeny is central if its kernel is central. A connected semisimple algebraic 
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group S is simply- connected if every central isogeny <I> : S' ^ S is an isomor- 
phism. For every connected if -defined semisimple algebraic group S, there 
is a unique simply-connected -RT-defined semisimple algebraic group S and 
central -fC-defined isogeny p : S — )• S. Every simply-connected semisimple 
K-group decomposes uniquely into a product of K-simple simply-connected 
K-groups. 

Proposition 2.9 (c.f. [Mar 9 11 1.2.6.5]). Suppose A is an M-defined algebraic 
group, and S is a simply- connected semisimple M-defined algebraic group. 
Let p : S(M)'' — > A(M) be a continuous representation. Then p extends to 
an M-defined morphism p : S A. 

A Q-defined semisimple algebraic group S is without Q- compact factors 
if there is no nontrivial Q-defined connected normal subgroup N < S such 
that N(M) is compact. (This terminology is not standard.) 

Theorem 2.10 (Borel Density Theorem |Bor66j ). Suppose S is a connected, 
Q-defined semisimple algebraic group without <Q-compact factors. Then S(Z) 
is Zariski- dense in S. 

Definition 2.11. Let S be an R-defined semisimple algebraic group. The 
real rank of S, denoted ]R-rank(S), is the maximal dimension of an abelian 
M-defined subgroup diagonalizable over M. If S is a connected semisimple 
Lie group with finite center, define M-rank(S') to be the real rank of the 
Q-group S satisfying S(M)0 = S/Z{S). 

Our results use strong rigidity of Mostow, Prasad, and Margulis, and su- 
perrigidity results of Margulis, Corlette, and Gromov-Schoen. The following 
statement is an immediate corollary of |GP99a[ 2.6]. 

Theorem 2.12 (c.f. |GP99a] ). Suppose Si and S2 are connected, simply- 
connected, Q-defined, Q-simple semisimple algebraic groups wzi/i M-rank(Si) > 
and M-rank(S2) > 0. Suppose Pi and T2 are finite index subgroups of 
Si(Z) and 82(^)1 respectively. Assume that Si(M)'' has no simple factor 
locally isomorphic to SL2(M) such that the projection of Ti n Si(M)'^ into 
this factor is discrete. Then every isomorphism Ti T2 virtually extends 
to a Q-defined isomorphism of algebraic groups Si ^82- 

3. The abstract commensurator 

Let r be an abstract group. In this section we will define the abstract 
commensurator Comm(r) and review its basic properties. 

A partial automorphism of P is an isomorphism (/; : Pi — ?> P2 where Pi 
and P2 are finite index subgroups of P. Two partial automorphisms (f) and 
(j)' of P are equivalent if there is some finite index subgroup P3 < P so that (j) 
and (j)' are both defined on P3 and = 0']^^. If (/> : Pi — > P2 is a partial 
automorphism of P, its equivalence class [(/>] is called a commensuration of 
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r. There is a natural composition of commensurations. li (f) : Ti T2 and 
(f)' : T'l — )• T2 are partial automorphisms of F, then we define 



This definition is independent of choice of representatives of equivalence 
classes [cj)] and [</>']. 

Definition 3.1. Given a group T, the abstract commensurator Comm(r) is 
the group of commensurations of T under composition. 

Example 3.2. Comm(Z") ^ GL„(Q) 

Two subgroups Ai, A2 < T are commensurable if [Ai : Ai n A2] < 00 
and [A2 : Ai n A2] < 00. Define an equivalence relation on the set of 
subgroups of r by Ai ~ A2 if and only if Ai and A2 are commensurable. 
Let [A] denote the equivalence class of a subgroup A < F under this relation. 
The abstract commensurator Comm(F) acts on the set of commensurability 
classes of subgroups of F in an obvious way; given a partial automorphism 
(/) : Fi — > F2 of F, define 



Clearly this is independent of choice of representatives (p and A. 

Definition 3.3 (Commensuristic subgroup). A subgroup A < F is com- 
mensuristic if [(j)] ■ [A] = [A] for every [(p] G Comm(F). A subgroup A < F is 
strongly commensuristic if, for every partial automorphism (p : Ti T2 



Every strongly commensuristic subgroup is both characteristic and com- 
mensuristic. Neither converse holds. 

Example 3.4. Consider the group 



Note that F is a lattice in the real Heisenberg group. Denote elements of F 
by triples {x, y, z) where x, y, and z are as above. The center Z{T) is infinite 
cyclic, generated by (0,0, and contains the commutator subgroup [F,F] 
with index 2. By Proposition 14. 11 the center Z{T) is strongly commensuristic 
and the commutator subgroup [F,F] is commensuristic. Further, [F,F] is 
evidently characteristic. 

Now consider the subgroup F2 < F generated by (2,0,0), (0,2,0), and 
(0,0,2). Then the map i;^) : F — )• F2 defined by (t){x,y,z) = {2x,2y,'iz) is 
a partial automorphism of F. But (j) takes [F,F] to [F2,F2], which is the 
infinite cyclic group generated by (0,0,4). Therefore [F,F] is not strongly 
commensuristic. □ 




M-[A] = [c/>(AnFi)]. 



F 



(/)(Fi n A) = F2 n A. 
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Question. Let F be a finitely generated group. Is every characteristic sub- 
group of r commensuristic? Is every commensuristic subgroup of T commen- 
surable with a characteristic subgroup? Is every commensuristic subgroup 
of r commensurable with a strongly commensuristic subgroup? 

The notions of 'commensuristic' and 'strongly commensuristic' are moti- 
vated by the following lemma. 

Lemma 3.5. If A <T is commensuristic, then restriction induces a homo- 
morphism 

Comm(r) Comm(A). 
If A is normal in T and strongly commensuristic, then there is a homomor- 
phism 

Comm(r) ^ Comm(r/A). 

Proof. Suppose A < P is commensuristic. Let cj) : Ti ^ T2 he a partial 
automorphism of F. Then (j){A fi Li) is commensurable with A, and so 
Ai = 0~^(A n (j){A n Li)) is a finite index subgroup of A. The restriction of 
(p to Ai defines a partial automorphism of A. Restriction clearly respects 
the equivalence relation on partial automorphisms and is compatible with 
composition, so this determines a well-defined homomorphism Comm(r) — )• 
Comm(A). 

Suppose now that A < F is strongly commensuristic and normal, and 
let : Fi — )• F2 be a partial automorphism of F. Then cp descends a map 

: Fi — 7- F2/(F2 n A). Because A is strongly commensuristic, the kernel of 
this map is precisely Fi fi A. There is then an isomorphism 

:Fi/(FinA) ^F2/(F2nA). 

The map is a partial automorphism of F/A. If cpi and 02 are equivalent 
partial automorphisms, then (pi and (p2 agree on some finite index subgroup 
of Fi. It follows that (^i)* and {(P2)* are equivalent partial automorphisms 
of F/A. Therefore there is a well-defined map Comm(F) Comm(F/A), 
which is obviously a homomorphism. □ 

Remark. Lemma 13.51 is implicitly applied in |LM06j , using that the center 
of the braid group is strongly commensuristic. 

We will often use the following corollaries implicitly in this paper. 

Corollary 3.6. // [F : F'] < 00 then Comm(F') ?a Comm(F). 

Proof. Every finite index subgroup of F is commensurable with F, so F' is 
commensuristic. The induced restriction map r : Comm(F) — )> Comm(F') is 
clearly injective. On the other hand, r is surjective because any finite index 
subgroup of F' is a finite index subgroup of F. □ 

Two groups F and A are called abstractly commensurable, written F = A, 
if there are finite index subgroups Fi < F and Ai < A such that Fi Rr: Ai. 



Corollary 3.7. //F = A then Comm(F) Comm(A). 



□ 
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There is a weaker notion of equivalence similar to that of abstract com- 
mensurability. Define a relation on groups by Fi ~ r2 if there is a homo- 
morphism (f) : Ti T2 with finite index image and finite kernel. Say that 
Ti and T2 are commensurable up to finite kernels if they lie in the same 
equivalence class of the equivalence relation generated by ~. In general, 
groups which are commensurable up to finite kernels need not be abstractly 
commensurable . 

Recall that a group T is residually finite if the intersection of all finite 
index subgroups is trivial. It is a theorem of Malcev that finitely generated 
linear groups are residually finite. The following is an easy exercise; see 
[dlHOO ; for proof. 

Proposition 3.8. Two residually finite groups are abstractly commensu- 
rable if and only if they are commensurable up to finite kernels. 

4. COMMENSURATIONS OF LATTICES IN NILPOTENT GROUPS 

4.1. Example: the Heisenberg group. Consider the (2n+l)-dimensional 
Heisenberg group 



Then N = ^^^"^"'^(M) is a simply-connected, 2-step nilpotent Lie group in 
which r = is a lattice. Let Z = Z{N) denote the center of N; 

note that Z ~ M and that N/Z ~ M'^". Introduce coordinates on by 
writing a matrix as above as the pair {v,t), where v = (x,y*) € M'^" and 
t = 2 G M. One can check that, in this notation. 



where cj is the standard symplectic form on M . 

Suppose (p : Ti ^ T2 is a partial automorphism of F. We will see that 
(j)(Ti Z) = r2 n Z, and so [(f)] induces a commensuration [(p] of T/Z{T) ~ 
Z^". By the condition 



[0,uj{^iu),^{v))] = [cl){u,s),<P{v,t)]=(l){[{u,s),{v,t)]) = {0,^{uj{u,v))) 



the induced map (j) € GL2n(Q) must in fact belong to the general symplectic 
group GSp2„(Q), which is defined as 

GSp2„(Q) = {Ae GL„(Q) [ oj{Au,Av) = auj{u,v) for some a G Q*} . 

In fact the induced map : Comm(r) GSp2„(Q) is surjective. Each 
partial automorphism (p : Ti ^ T2 such that [(p] G ker(0) is trivial on Z, 
hence determined by an element of H^(Tr{Ti),X), where vr : F — )• F/(Z n F) 
denotes the natural projection. One can check that 




In y I X, y* G C" and z G C V < GL„+2(C). 



[(n,s), {v,t)] = {0,uj{u,v)), 



ker(G) ^ 1^ H'^{7r{H),Z) « F^(7r(F),Q) « Q' 



[r:H]<oo 
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Therefore Comm(r) satisfies the short exact sequence 
1 ^ Q2n ^ Comm(r) ^ GSp2„(Q) ^ 1. 
The action of GSp2„ (Q) on is 

the tensor product of the dual represen- 
tation with the 1-dimensional representation n : GSp2n(Q) Q* defined 
by uj{Au,Av) = fi{A)uj{u,v). 

4.2. Commensuristic subgroups. Lattices in simply-connected nilpotent 
Lie groups provide a source of examples of commensuristic and strongly 
commensuristic subgroups. Recall that the upper central series 7*(G) and 
lower central series 7i(G) of a group G are defined inductively as follows. 
Let 'y^iG) = 1. Suppose that 7*(G) is a normal subgroup of G, and let 
vr : G ^ G/f{G). Define Y^^G) = 7r-\Z{G/YiG))). Now let 70(G) = G. 
Supposing 7i(G) is defined, set 7^+1 (G) = [G,7j(G)]. 

Proposition 4.1. Let T < N be a lattice in a simply- connected nilpotent 
Lie group. The upper central series of T is strongly commensuristic in T. 
The lower central series ofT is commensuristic. 

Proof. A discrete subgroup A < is a lattice in if and only if A is 
Zariski-dense in some (equivalently, any) faithful unipotent representation 
of A^ into GL„(M); see |Rag72] for a proof. We will show by induction 
that 7'^(r) = r n 'y^{N) for all k. The base case is trivial. Now suppose 
y-i(r) = rn Y~ (N). Clearly r n y (A^) C y (F). Suppose g G y(r). By 
inductive hypothesis, r/7*~^(r) is equal to the image of T in N/Y~^{N). 
The image of F is Zariski-dense in N/'y'^~^(N). Then g commutes with every 
element of N/'y''^'^{N) and therefore g G 7*(A^)- 

Now suppose : Fi — 7- F2 is a partial automorphism of F. Both Fi and 
F2 are lattices in A^, so 7''(Fj) = F^ n 7''(A^) for j = 1, 2. It follows that 

7'=(r,) = r,n7^(F)forj = i,2. 

Clearly, (j){'j^{Ti)) = 7'^(F2) for all k, from which it follows that 7'^(F) is 
strongly commensuristic for all k. 

Consider the lower central series 7fc(F). Then 7fc(F) is Zariski-dense in 
7fc(A^) for all k by |Bor9H 2.4]. Now suppose (/> : Fi ^ F2 is a partial 
automorphism of F. Then 7fc(Fj) is a lattice in 7fc(A^) for all k for j = 1, 2. 
Since 7fc(Fj) < 7fc(F), it follows that 7fc(Fj) < 7fc(r) is of finite index for all 
k for j = 1, 2. Since (f) clearly takes 7fc(Fi) to 7A:(r2) for all k, it follows that 

M • hk{r)] = bk{r)] for aii k. □ 

4.3. Commensurations are rationaL Let A^ be a simply-connected nilpo- 
tent Lie group containing a lattice F. Let n denote the Lie algebra of A^. 
Then n admits rational structure constants by |Rag72 2.12]. It follows that n 



admits a basis, unique up to Q-defined isomorphism, so that log(F) C n( 
Further, Aut(n) is identified with A(M) for a Q-defined algebraic subgroup 
A < GL(n (X) C) unique up to Q-defined isomorphism. It is a standard 
fact of Lie theory that the exponential map identifies Aut(A'^) with Aut(n). 
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This identifies Aut(A^) with the real points of a Q-defined algebraic group 
A. By abuse of notation, we write Aut(A^)(Q) for the subgroup of Aut(A^) 
corresponding to A(Q). The group Aut(A^)(Q) depends only on and P. 

Theorem 4.2. Let T < N be a lattice in a simply- connected nilpotent Lie 
group. Identify Aut(A^) with the real points of a Q-defined algebraic group 
as above. Then there is an isomorphism 

C : Comm(r) ^ Aut(Af)(Q). 

To prove this theorem we will use the fact, due to Malcev, that lattices 
in nilpotent groups are strongly rigid: 



Theorem 4.3 ( |Rag72 2.11]). Let Ni and N2 be two simply- connected 



nilpotent Lie groups, with lattices Fi < A^i and T2 < N2. Then every 
isomorphism Pi — ?> P2 extends uniquely to an isomorphism Ni N2. 



Proof of Theorem \4.S\ ' Suppose (f) : Fi ^ T2 is a. partial automorphism of P. 
Then (j) extends to an automorphism <I> € Aut(A'") by Theorem 14.31 Since 
log(P) is contained in n(Q), this extension is in Aut(A^)(Q). This gives an 
injective homomorphism 

^ : Comm(P) ^ Aut(Af)(Q). 



Now suppose <I> G Aut(A^)(Q). It is well-known (for example, see |Rag72 



Chapter 2]) that there is a Q-defined unipotent algebraic group U so that 
N ~ U(M) and P is commensurable with U(Z). Then $ extends to a 
Q-defined automorphism of U. By |Rag72[ 10.4], the group $(P) is com- 
mensurable with P, hence induces a commensuration of P. It follows that 
^ is surjective. □ 

5. The algebraic hull of a polycyclic group 

5.1. Polycyclic groups. We briefly review the general theory of lattices in 
solvable Lie groups. See tRag72| for a general reference, and |Seg83 for the 
theory of polycyclic groups. 

Definition 5.1. A group P is polycyclic if there is a subnormal series 
(1) l<Pi<P2<---<P 

so that Pj/Pj_i is cyclic for each i. 

The Hirsch number of P, denoted rank(P), is the number of i such that 
Pj/Pj-i is infinite cyclic. Hirsch number is independent of choice of such 
subnormal series, and is invariant under passage to finite index subgroups. 
Every polycyclic group contains a finite index subgroup admitting a subnor- 
mal series ([T]) such that each Pj/Pj_i is infinite cyclic. Call such a group 
strongly polycyclic. It is a theorem of Wang that every lattice in a simply- 
connected solvable Lie group is strongly polycyclic. 
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Every polycyclic group T admits a unique maximal normal nilpotent sub- 
group, called the Fitting subgroup, denoted Fitt(r). If F is a strongly poly- 
cyclic group, then Fitt(r) is isomorphic to a lattice in a simply-connected 
nilpotent Lie group A^. By Theorem 14.31 conjugation extends to a represen- 
tation (T : r — > Aut(A^). If n is the Lie algebra of N, then by identifying 
Aut(A^) with Aut(n) C GL(n) we have a representation o" : L — )■ GL(n). 

Proposition 5.2 ( |Rag72[ 4.10]). Let T be strongly polycyclic, and cr : F — ?> 
GL(n) as above. Then 

Fitt(F) = {7 € F I cr(7) is unipotent} . 

Lemma 5.3. Let T be a strongly polycyclic group, with Fi < F a finite index 
subgroup. Then Fitt(Fi) = Fitt(F) D Fi. 

Proof. It is clear that Fitt(Fi) fl F < Fitt(F), so we have only to show that 
Fitt(Fi) < Fitt(F). Let be the Lie group containing Fitt(F) as a lattice, 
and A^i the Lie group containing Fitt(Fi) as a lattice. Then Fi nFitt(F) is 
a lattice in N. It follows that the inclusion Fi nFitt(F) — )■ Fitt(Fi) extends 
to an embedding of Lie groups i : — > A''i by |Rag72[ 2.11]. This gives 
an embedding of n as a Lie subalgebra of rii. Let a : F — t- GL(n) and 
(Ti : Fl ^ GL(ni) be as above. Then n is invariant under cri(Fi) because 
Fitt(F) is normal in F. Suppose 7 G Fitt(Fi). Then by Proposition 15. 2^ 
cri(7) is unipotent. It follows that £1(7) is unipotent, and so 7 G Fitt(F) by 
Proposition 15.21 □ 

Corollary 5.4. IfT is strongly polycyclic then Fitt(F) is strongly commen- 
suristic. □ 

5.2. Algebraic hulls. Our main tool for understanding commensurations 
of a polycyclic group F will be its algebraic hull. Roughly speaking, the 
algebraic hull is the largest algebraic group in which F is Zariski-dense. The 
fact that it is the "largest" is important for the extension of commensu- 
rations to algebraic automorphisms. The original construction is due to 
Mostow |Mos70| . with an alternate construction in |Rag72| . More recently, 
algebraic hulls have been constructed for certain virtually polycyclic groups 
by Baues in (Bau04] . We will need only the classical algebraic hull. 

Definition 5.5 (Algebraic hull). Suppose F is a strongly polycyclic group. 
An algebraic hull of F is a Q-defined algebraic group H with an embedding 
i:T ^ H(Q) so that 

(HI) i(F) is Zariski-dense in H, 

(H2) Zh(Uh) < Uh, where Uh is the unipotent radical of H, 

(H3) dim(UH) = rank(F), and 

(H4) i{T) n H(Z) is of finite index in i{T). 

Algebraic hulls exist for all strongly polycyclic groups. See |Rag72| for 
a construction, which uses the fact, due to Auslander, that any polycyclic 
group has a faithful embedding to GL„(Z) for some Z. The importance of 
the algebraic hull is its uniqueness: 
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Lemma 5.6 ( |Rag72 4.41]). Suppose Ti andT2 are two strongly polycyclic 
groups, and (f) : Ti ^ T2 is an isomorphism. Let ii : Fi — )• Hi and i2 ■T2 
H2 be algebraic hulls for Ti and T2, respectively. Then (p extends to a Q- 
defined isomorphism ^ : Hi — )• H2. 



Example 5.7. The condition |(H3) is necessary for the extension of au- 
tomorphisms. Consider the following. Let ^p G Aut(Z^) be the automor- 
phism given by ip{l,0) = (2,1) and xp{0,l) = (1,1). Then the group 
r = Z X (Z^ XI (-(/;)) has an obvious embedding as a lattice in the solv- 
able Lie group G = M x {M? x M), where the latter M factor acts on M? 
by a 1-parameter subgroup -0* of GL2(M) with ^i = Parametrize G by 
writing elements {x,y,z,t) for x,y,z,t G M, and let Mt be the matrix in 
GL2(M) corresponding to ipt in these coordinates. There is a faithful matrix 
representation of G in GL4(M) taking T into GL4(Z): 



Pi ■■ {x,y,z,t) ^ 



/l x\ 

\o ly 



The Zariski-closure A of pi(r) in GL4(C) has the structure A = U x T, 
where T ~ C* is a 1-dimensional torus and U ~ C^. Note that A is 
a Q-defined algebraic group satisfying (HI) , |(H2)| and |(H4) However, 
dim(UA) = 3 while rank(r) = 4, so A is not an algebraic hull of T. 

The function (/> : T — )• F defined by (j){x, y, z, t) = {x + t, y, z, t) defines an 
automorphism of F that cannot be extended to an algebraic automorphism 
of A. If 6 were to extend to A, then the extension would take 



/I 














I-)- 



/I 









0110 
\o ly 

The former is semisimple, while the latter is not. Any algebraic automor- 
phism must take semisimple elements to semisimple elements, so this cannot 
extend. 

The algebraic hull H of F may be realized as the Zariski-closure of the 
following embedding F — > GL6(Z): 



P2 : {x,y,z,t) H> 



/I 




V 





Mt 




X 

y 

z 

1 



\ 



The Zariski-closure of P2(F) in GLe(C) is isomorphic to x (C^ x C*), 
since it includes the closures of both the semisimple and unipotent parts of 
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P2{0, 0, 0, t) for all t G Z. Then the automorphism 
automorphism of H 



/I 





V 








X 

y 

z 

1 



\ 



1-^ 



V 



/I 





V 








x + t 

y 

z 

1 



extends to the algebraic 



t 

V 



where M^, is a matrix belonging to the torus subgroup C* < H. 



□ 



We wish to use rigidity of the algebraic hull to construct an embedding of 
Comm(r) into AutQ)(H) analogous to the use of Malcev rigidity in Theorem 
I4.2[ For this, the natural setting is the Zariski-connected component of the 
identity of the algebraic hull. 

Definition 5.8 (Virtual algebraic hull). Let T be a virtually polycyclic 
group. A Q-defined algebraic group H is a virtual algebraic hull of T if 

(1) H is connected, and 

(2) there is a finite index strongly polycyclic subgroup A < T such that 
H is an algebraic hull of A. 

Lemma 5.9. Every virtually polycyclic group has a virtual algebraic hull. 

Proof. Suppose F is virtually polycyclic. Let F < F be any finite index 
strongly polycyclic subgroup. Let H be an algebraic hull for F. Then the 
identity component H*^ is of finite index in H. Let A = FnH^ and H = H*^. 

Clearly A < F is a finite index strongly polycyclic subgroup. The closure 
of A is contained in H. Conversely, the closure of A is of finite index in H, 
and so must contain H. Therefore |(H1)| of Definition 15.51 is satisfied. The 
unipotent radical of H is equal to the unipotent radical of H, so |(H2)| is 
satisfied. We know rank(A) = rank(r), so |(H3)| holds. And clearly [(H4)| 
holds for A since it does for F. So H is an algebraic hull of A. □ 

Definition 5.10 (Fitting subgroup). Suppose H is the virtual algebraic hull 
of a virtually polycyclic group F, and let A < F be a finite index strongly 
polycyclic group with an embedding in H satisfying (HI) - (H4) Define 



Fitt(H), the Fitting subgroup of H, to be the Zariski-closure of Fitt(A) in 
H. 

The Fitting subgroup is independent of choice of A by Lemma 15.31 Note 
that [H,H] < Fitt(H), by |BG06l 4.6]. 

Lemma 5.11. Let F be virtually polycyclic. The virtual algebraic hull o/F 
is unique up to Q-defined isomorphism. 

Proof. Suppose Hi and H2 are two virtual algebraic hulls of F. Let Fi and 
F2 be two finite index strongly polycyclic subgroups of A with injections 
ii : Fi ^ Hi(Q) and 12 : F2 ^ H2(Q) satisfying p!l)H(H4)[ Then Fi n F2 
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is of finite index in both Ti and T 



both ii 



rinr2 



and 12 



rinr2 



fohows from Lemma [5.6l that there is a 
extending i2 o ii Ip^^p^ . 



Because Hi and H2 are connected, 
satisfy |(H1)H(H4)| for Fi n T2 in place of T. It 

H2 
□ 



-defined isomorphism <I> : Hi 



Corollary 5.12. Suppose T is virtually polycyclic with virtual algebraic hull 
H. There is an embedding 

(2) C ■ Comm(r) ^ AutQ(H). 

Proof. Let A < F be a finite index strongly polycychc subgroup with an 



embedding i : A 



H 



satisfying (HI) - (H4) Suppose : Ai — > A2 is a 
partial automorphism of A. Then H is an algebraic hull for both Ai and 
A2 by connectedness, so (p extends to $ € AutQ(H). Equivalent partial 
automorphisms clearly give rise to equal extensions. The assignment </) 1— )• <1> 
gives an injective homomorphism Comm(A) — )• Aut(g)(H) by density of Ai 
and A2. The proof is complete since Comm(r) ~ Comm(A). □ 



Though these results are stated generally for virtually polycyclic groups, 
the reduction to the identity component is necessary even for lattices in 
simply-connected solvable Lie groups. 

Example 5.13. Let G = x SO{2). Then G is homeomorphic to M^. 
Parametrize G in this way, so that conjugation by (0, 0, t) acts as rotation 
by angle t in the t = plane. Let F be the lattice 

F = {{x, y,t) e G \ x,y and t G vrZ} . 

Then F contains a subgroup of index 2 isomorphic to Z^, so its virtual 
algebraic hull is a unipotent group isomorphic to C'^. The algebraic hull of 
F is a (disconnected) index 2 extension of C'^. □ 

There is an analogous construction of algebraic hulls for simply-connected 
solvable Lie groups G, though they are only M-defined rather than Q-defined. 

Definition 5.14 (Algebraic hull). Suppose G is a simply-connected solvable 
Lie group. An algebraic hull of G is an M-defined algebraic group H with 
an embedding i : G — )• H(M) so that 

(1) i{G) is Zariski-dense in H, 

(2) .^h(Uh) < Uh, where Uh is the unipotent radical of H, and 

(3) dim(UH) = dim(G). 

The algebraic hull of the group G in Example [5]T3] contains a 1-dimensional 
torus, hence is strictly larger than the algebraic hull of F. See [BKllj for a 
detailed discussion of the relationship between the algebraic hull of a lattice 
and the algebraic hull of the ambient Lie group. We use this theory in ^jSl 
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5.3. Unipotent shadow. Much of the theory of lattices in solvable Lie 
groups builds on the much easier theory of lattices in nilpotent Lie group. 
A common tool is the unipotent shadow. The following proposition sum- 
marizes the theory of unipotent shadows of strongly polycyclic groups in 
algebraic hulls as explained in Sections 5 and 7 of [BG06]. For the reader's 
convenience, we include a sketch of a proof. 

Proposition 5.15 ( |BG06| ). Suppose T is a virtually polycyclic group with 
virtual algebraic hull H. Let F be the Fitting subgroup of H. There is a 
strongly polycyclic subgroup A < H(Q) abstractly commensurable with T so 
that: 

(1) There is a nilpotent subgroup C < A so that A = Fitt(A) • C. 

(2) There is a Q-defined maximal torus T < H with centralizer D < H 
so that C = A n D, and C is Zariski-dense in D. 

(3) The subgroup 6 < Uh(Q) generated by Fitt(A) and Cu is a finitely 
generated subgroup Zariski-dense in Uh; such that Fitt(A) = OOF. 

Sketch of proof : Let A be a strongly polycyclic subgroup of T so that H 
is an algebraic hull of A. Fix any maximal Q-defined torus T < H, and 
let D be the normalizer of T in H. Then D is a connected nilpotent Q- 
defined subgroup of H that centralizes T. By replacing Fitt(A) with a 
finite index supergroup, we obtain a strongly polycyclic group A < H(Q) 
commensurable with A for which the group C = A n D is Zariski-dense in 
D and satisfies A = Fitt(A) • C. The group A is called a thickening of A, 
and C is called a nilpotent supplement in A. 

We now want to construct the group 9 by taking the unipotent parts of 
elements of A. For every c G D, let Cs and Cu denote the semisimple and 
unipotent parts, respectively, of its Jordan decomposition in D. Because D 
centralizes T, the map c i— )• is a homomorphism D Uh- Define 6 to be 
the subgroup of Uh(Q) generated by Fitt(A) and Cu- By replacing A with 
a further thickening, we can guarantee that 6 OF = Fitt(A). Such a group 
9 is called a good unipotent shadow. □ 

5.4. Algebraic structure of Aut(H). Suppose F < G is a lattice in a 
simply-connected solvable Lie group, and let H be its virtual algebraic hull. 
We recall the structure of AutQ(H) explained in Section 3 of |BG06j . Let 
U be the unipotent radical of H. Fix a Q-defined maximal torus T < H. 
There is a decomposition H = U xi T. Define 

(3) Aut(H)T = G Aut(H) | «>(T) = T}. 



By property |(H2) of the algebraic hull, the restriction map Aut(H)T 



Aut(U) is injective. Its image is a Q-defined closed subgroup of Aut(U). 
The map 

e : U X Aut(H)T ^ Aut(H) 

^^"^ (n, ^) 1-^ Inuu 
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is a surjection with Q-defined kernel. The quotient U x Aut(H)T / ker (0) is a 
Q-defined algebraic group, which gives Aut(H) the structure of a Q-defined 
algebraic group. Because ker(0) is unipotent, it follows from the discussion 
of [PR94t 2.2.3] (see also |BG06t 3.6]) that there is a group isomorphism 

(5) AutQ(H) « U(Q) X Aut(H)T(Q)/(ker e)(Q). 

Thus the algebraic structure of Aut(H) is such that AutQ(H) = Aut(H) 



5.5. A finite index subgroup of Comm(r). Let F, H, and U be as above. 
Let F = Fitt(H). Define 

(6) ^H|u = {^e Aut(H) I $|jj/u = IdH/u}- 

Lemma 5.16. The subgroup A^jj < Aut(H) is of finite index. 

Proof. The quotient H/U is a Q-defined torus. By Lemma [2.51 the identity 
component Aut(H)'^ acts trivially on the torus H/U, and so Aut(H)'' < 
-^H|u- The claim follows since [Aut(H)'^ : Aut(H)] < oo. □ 

Let A''Ayt(H)(F) denote the subgroup of Aut(H) preserving F. Define 

(7) -4h|f = e iVAut(H)(F) I $|h/f = Idn/p} • 

By Corollary [531 the image of the map ^ : Comm(r) Aut(H) preserves 
F. Define 

(8) CommH|F(r)=r'MH|F)- 
Lemma 5.17. [Comm(r) : CommH|F(r)] < oo. 

Proof. By Lemma [5.16[ it suffices to show that CommH|F(r) = Comm(r) fi 
-^H|u- Since ^h|f ^ ^H|U5 it is clear that Commfj|F(r) < Comm(r) n 
-4h|u- On the other hand, suppose that [0] G Comm(r) n .Ah|u- Without 
loss of generality, assume that (p is a partial automorphism of a finite index 
subgroup A < r for which H is an algebraic hull. By Proposition 15.21 we 
have that A n U = Fitt(A). It follows that if ^(7)7"^ € U for some 7 G A, 
then </)(7)7~^ G Fitt(A). Therefore [0] G CommH|F(r). □ 

The structure of ^h|f can be made more explicit, following Section 3.3 
of [BG06j . Let T denote a maximal Q-defined torus in H. Define 

(9) ^i, = {^.g^h|fI^(T) = T, cl>|^ = idT}, 

(10) InnP = G Aut(H) | $(x) = fxf'^ for some / G F} . 

Clearly Inn^ and are both Q-defined subgroups of -4h|F) ^^^d Inn^ is 
normal in ^HjF- Let (^h|f)(Q denote the group of Q-defined automorphisms 
in -4h|f- Because any two maximal Q-defined tori are conjugate by an 
element of [H,H](Q) < F(Q), we have 

Lemma 5.18. .Ah|f = Inn^ -A^. Moreover, {Aii\f)q = Inup (Q) • A\^{ 
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Proof. See |BG06t 3.13]. The latter statement follows from equation ([5]); 
cf. |B(^n6l 3.6]. □ 

6. COMMENSURATIONS OF LATTICES IN SOLVABLE GROUPS 

6.1. Example: Sol lattice. Let -i/; : ^ be the automorphism defined 
by V'(l)O) = (2,1) and ^^(0,1) = (1,1)- Let C be the infinite cyclic group 
generated by ^p, and define F = Z^ xi C. Note that F is a lattice in 3- 
dimensional Sol geometry. We have that Fitt(r) = Z^, so there are induced 
maps 

r : Comm(F) ^ Comm(Z2) w GL2(Q) 

and 

TT : Comm(F) ^ Comm(C) ^ Q*. 

Suppose (/> : Fi — )• F2 is a partial automorphism of F. There are nonzero p, q 
so that TT ((/))['(/''?] = [ip^]. Using the fact that (/) is an isomorphism, we have 

(11) ^{r{v)) = r{Hv)) 

for all V G FiRZ^. Since FiRZ^ spans Z^(8)Q, it follows that r{(p) conjugates 
ipi to in GL2(Q). Therefore p = ±q since ifj has an eigenvalue not on the 
unit circle. It follows that there is an index 2 subgroup Comm^(F) so that 
TT is trivial when restricted to Comm'''(F). 

Let Zql2{(Q))(V') denote the centralizer of ip in GL2(Q), which is equal to 
the set of matrices in the 1-parameter subgroup of GL2 (M) through ( f { ) 
with rational entries. From (fTT]l we see that r^cp) € ^gL2(Q)(V') for all <j) G 
Comm^(F). Moreover, it is clear that the induced map f : Comm^(F) — ?> 
Zql2{Q)(V') is surjective. Let K = ker(f). Every cj) G K is of the form 
(j){v,ipP) = {v + p{il^P).,il)P) for a cocycle p : H ^ J? defined on some finite 
index subgroup H < C. One can show that 

K= 1^ H'^{H,Z'^) ^ H'^iCQ^) ^Q^. 

[C:H]<oo 

Therefore Comm^(F) satisfies the short exact sequence 
1 ^ q2 ^ Comm+(F) ^ ^gl2(q)(V') ^ 1- 

This sequence splits, and the action of ^gl2(iQ)(''/') on is the standard 
action. 

6.2. Commensurations of solvable lattices are rational. We continue 
to use the notation developed in f|5l Given a lattice F in a connected, simply- 
connected solvable Lie group, let H denote its virtual algebraic hull with 
Fitting subgroup F and Q-defined maximal torus T. Then ^h|f denotes 
the group of automorphisms of H preserving F and trivial on H/F. Let 
Inn^ denote the group of automorphisms of H induced by conjugation by 
elements of F, and A)j^ denote the group of automorphisms fixing T. 
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Theorem 6.1. Let T be a lattice in a connected, simply- connected solvable 
Lie group. Let H be the virtual algebraic hull ofT, with F = Fitt(H). The 
map ^ : Comm(r) — )• Aut(H) induces an isomorphism of groups 

CommH|F(r) ^ (^h|f)(Q- 

The proof of the theorem is in two steps. First we show that Inrip (Q) < 
^(Comm(r)), and second that yi:!p(Q) < ^(Comm(r)). The unipotent shadow 
will be our main tool. Before we start the proof of Theorem 16. H we prove 
an important technical lemma that will be used again in ^ 



Lemma 6.2. Let \J be a Q-defined unipotent algebraic group and 0' < U( 
be a finitely generated, Zariski-dense subgroup. Let P he a group acting on U 
by algebraic group automorphisms preserving 9'. Suppose f € U(Q). There 
is some finite index subgroup P" < P so that f{p ■ f~^) G 9' for all p € P" . 

Proof. Let u be the Lie algebra of U. Consider u as a vector space with basis 
chosen so that log(U(Q)) C u(Q). Because 9' is commensurable with U(Z), 
there is a number k so that every vector in u(A;Z) C log{9'). Identify Aut(u) 
with a Q-defined algebraic subgroup of GL„(C) for some n. By |Seg83[ Ch6, 
Prop4], the map 

(p I— > log o(j) o exp 

identifies Aut(U)(Q) with the group of Lie algebra automorphisms Aut(u(Q)), 
Given p G P, let Mp G GL„(Q) denote the matrix for the induced action of 
p on u. Since P preserves log{9'), there is some finite index subgroup P' < P 
so that Mp G GL„(Z) for all p e P' (cf. |Seg83t Ch6, Lem6]). It suffices to 
find some P" < P' so that 

log(/(p • /"^)) e u(kZ) for all p € P" . 

Let X = log(/). Given any peP, let Yp = log{p-f -^) = - MpX. By the 
Baker-Campbell-Hausdorff formula (see, for example, |Seg83| ), we have 

log{f{p-f-'))=X + Yp + q{X,Yp), 

where q{X, Yp) is a finite sum of iterated Lie brackets of X and Yp weighted 
by rational numbers. We will show that there is a finite index subgroup 
P" < P' so that both X + YpG u{kZ) and q{X, Yp) G u{kZ) for all p € P" . 

If is any natural number, let tin '■ GL„(Z) — )• GL„(Z/A^Z) be the 
quotient map and define a finite index subgroup 

P'{N) = {p G P' I Mp G ker(7r^)} < P' . 

Now let (. be the least common multiple of denominators of coefficients of 
X. On the one hand, if p G P'{ki) then X + Yp £ u(A;Z). On the other hand, 
if p G P'{iN) for some A'^, then we may write Yp = Zp — X for some vector 
Zp G u(A^Z). Using bilinearity of the Lie bracket, we may write q{X,Yp) 
as a finite sum of iterated Lie brackets of X and Zp weighted by rational 
numbers. Because the structure constants of u are rational, it follows that 
there is some Ni large enough that q{X,Yp) G u{kZ) if p G P'{kiNi). The 
lemma follows by setting P" = P'{kiNi). □ 
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Proof of Theorem \6.1\ Given F and H as in the theorem, let U = Uh- Find 
a strongly polycyclic subgroup A < H(Q) abstractly commensurable with 
F with T, D, C, and as in Proposition 15.151 That is, T is a maximal 
Q-defined torus, D is the centralizer of T with C = A n D a Zariski-dense 
subgroup, and 9 < U(Q) is a good unipotent shadow of A. 
By Corollary 15.121 there is an embedding 

^ : Comm(F) ^ AutQ(H). 

By definition of Commji|p(F), this restricts to an embedding 

i ■ CommH|F(r) Mh|f)(Q- 

There is a decomposition (^h|f)iQ = InnP(Q) • ^3|.(Q) by Lemma [5. 181 We 
have only to show that both Inup (Q) and A\^{'Q) are in the image of ^. 

Claim 1: Inn^(Q) < ^(Comm(F)). 

Proof of Claim 1: Suppose $ G Inup (Q). Then there is some / G F(Q) 
so that (^{x) = fxf~^ for all x € H. Because 9 is Zariski-dense in U, 
conjugation by / induces a commensuration of 9 by Theorem 14.21 Let 9i 
and 02 be finite index subgroups of 9 so that ^{9i) = ^2- Let C" < C be a 
finite index subgroup normalizing both 9i and ^2- By Lemma l6.2| applied 
with 0' = ^1 n 02 and P = C , there is some finite index subgroup C" < C 
so that 

(12) fcf-^c-^ € 01 n 02 

for all c € C". Because F is normal in U, for all c E C" we have fcf^^c^^ G 
F. By (IE]) and the fact that n F = Fitt(A), for ah c G C" we have 

(13) fcf'^c-^ G Fitt(A) n 01 n 02. 

Let Fi = 01 n Fitt(A) and F2 = 02 n Fitt(A). Then $ induces an iso- 
morphism Fi — 7> -F2- Because C" normalizes both Fi and F2, we may form 
subgroups Ai = FiC" and A2 = F2C", both of which are of finite index in 
A. We claim that ^ induces an isomorphism Ai ^ A2. Suppose /i € Fi and 
ci G C". Then ffif^^ G F2 by definition of 0i and 02, and fc\f^^ = /2C1 
for some /2 E F2 by (fT3l) . Therefore 

fficif-^ = ffif-'fcif-' G F2C". 

It follows that $ induces an injection Ai ^ A2. Note that (I13p holds for 
all c € C" with / replaced by f~^. Similar reasoning then gives that <I>~^ 
induces an injection A2 Ai. Thus <I> induces a partial automorphism 
Ai — >■ A2 of A, and so induces a commensuration of F. This completes the 
proof of Claim 1. 

Claim 2: A\^{Q) < C(Comm(F)). 

Proof of Claim 2: Suppose <I> € A}j.{Q). Then <^> corresponds to a Q-defined 
map under the restriction Aut(U), so <^ induces a partial automor- 

phism 01 ^ 02 of by Theorem 14.21 The map C ^ is a homomorphism. 
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Define a finite index subgroup 

Ci = {ceC IcueOi} < C. 

Take any ci € Ci, and write ci = uis for ui G 0i and s € T. Since 
<^ G ^H|F5 there is some / G F(Q) so that ^{ui) = fm. Since $ € 
have 

$(ci) = ^>(ni)^>(s) = /uis = fci. 

Both <J>(ui) and ui are in 6*, so / G ^ n F = Fitt(A). Therefore <I>(ci) G 
A. Since $ preserves T, it also preserves D. Therefore <&(Ci) < C since 
AnD = c. 
Define 

Ca = {c G C I c„ G 02} < C. 

It is evident from the definitions of 9i and O2 that ^*(Ci) < C2. Applying 
the same logic as above to we conclude that $(Ci) = C2. Therefore $ 
induces a partial automorphism Ci — t- C2 of C 

Since <I> preserves F, it induces a partial automorphism Fi — t- i<2 of 
Fitt(A). Without loss of generality, suppose Fi is characteristic in Fitt(A). 
Then FiCi and i^2C'2 are both finite index subgroups of A. So ^ induces a 
partial automorphism F1C2 — ?• F2C2 of A, and hence a commensuration of 
r. This completes the proof of Claim 2. 

Claims 1 and 2 show that ^ is surjective, and therefore ^ exhibits an iso- 
morphism Commfj|F(F) ~ ('4h|f)q- This completes the proof of Theorem 

EH □ 

Proof of Theorem \l.l[ Let H be the virtual algebraic hull of T. By Corollary 
15.121 there is an embedding 



^ : Comm(r) ^ Aut(H) 

where Aut(H) has the structure of an algebraic group as described in Section 
15. 4[ Let be the Zariski-closure of ^(Comm(r)) in Aut(H). Then is 
a Q-defined algebraic group, by Proposition 12. 1[ Now take any G ^r(Q)- 
Take any element $ G ^(Comm(r)) so that ^ o G »45l(Q). We have 
-4.p < ^H|u by Lemma fS.lSl and then < ^h|f by Lemma [5.17i Therefore 
so ^' o G ^h|f(Q)- It follows from Theorem [Q that G ^(Comm(r)), 
hence the isomorphism 

Comm(r) ^ AriQ). 

We have only to show that the image of Aut(r) in Aut(H) is commensu- 
rable with Ari^). Let F = Fitt(r) and define 

AriF = {0 e Aut(r) | <p\^^^ = ld\^/p] ■ 

The proof of Lemma 15.171 shows that ^r|F is finite index in Aut(r); see 
also [BKlll 8.9]. The group ^r|F is commensurable with »4h|f(^) by 



8.9], so the result follows. □ 
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7. COMMENSURATIONS OF LATTICES IN SEMISIMPLE GROUPS 

Abstract commensurators of lattices in semisimple Lie groups not isoge- 
nous to PSL2(M) are fairly well understood, by work of Borel, Mostow, and 
Margulis. For example, see the first section of |AB94] . We recall the basic 
results here for completeness. 

7.1. Arithmetic lattices in semisimple groups. 

Definition 7.1. Suppose F < S" is a lattice in a semisimple Lie group with 
trivial center and no compact factors. We say that F is arithmetic if there is 
a Q-defined semisimple algebraic group S and a surjective homomorphism 
/ : S(M)° S with compact kernel such that /(S(Z) n S(M)°) and F are 
commensurable. 

Note that S may be chosen to be simply-connected, and that F = S(Z) 
by Proposition 13.81 Hence, to compute the abstract commensurators of 
arithmetic lattices in semisimple Lie groups, it suffices to consider groups of 
the form S(Z) for a simply-connected Q-defined semisimple algebraic group 
S. 

Now suppose S is a Q-defined, simply-connected, semisimple algebraic 
group, with Lie algebra s. There is an isomorphism (for example by |Mar91[ 
1.4.13]), 

D : Aut(S) Aut(s). 

The Lie algebra s has a natural Q-structure, and -D($) € Aut(s) is defined 
over Q if and only if <I> € Aut(S) is defined over Q. The group Aut(s) < 
GL(s) is a Q-defined algebraic group such that 

AutQ(s) = Aut(s)(Q). 

Under the identification D, the group Aut(S) has the structure of a Q- 
defined algebraic group. 

Recall that a Q-defined, connected, semisimple algebraic group S is with- 
out Q-compact factors if there is no nontrivial, Q-defined, connected, nor- 
mal subgroup N < S such that N(M) is compact. Note that given any 
Q-defined connected, simply-connected, semisimple algebraic group, there 
is a Q-defined, connected, simply-connected, semisimple algebraic group S' 
without Q-compact factors such that S(Z) and S'(Z) are abstractly com- 
mensurable. 

Proposition 7.2. Suppose S is a Q-defined, connected, simply- connected, 
semisimple algebraic group without Q-compact factors. Then there is a 
canonical inclusion 

E : Aut(S)(Q) ^ Comm(S(Z)). 

Proof. If $ G Aut(S)(Q), then <I> is a Q-defined automorphism of S. It 
follows from |Rag72[ 10.14] that ^ induces a commensuration of S(Z). 
Because S(Z) is Zariski-dense in S by Theorem 12. 10^ the induced map 
E : Aut(S)(Q) Comm(S(Z)) is injective. □ 
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The following consequence of Mostow-Prasad-Margulis rigidity is likely 
known to experts. We include a proof, having found no reference in the 
literature, using the techniques of |GP99aj . 

Theorem 7.3. Let S be a Q-defined, connected, simply- connected, semisim- 
ple algebraic group without Q- compact factors. Suppose that if F is a factor 
o/S(M)'' locally isomorphic to PSL2(M) then S(Z) projects to a non-discrete 
subgroup of F. Then the inclusion 

E : Aut(S)(Q) ^ Comm(S(Z)) 

is an isomorphism. 

Proof. Let Si, . . . , be the Q-simple factors of S, so that 

S = Si • S2 S„_i • S„. 

For each j, let vTj : S — )• Sj be the canonical projection. 

Suppose [i;^] G Comm(S(Z)). Without loss of generality, we may assume 
that i;^) : Pi — 7- r2 is a partial isomorphism of S(Z) where 

Pi = (Pin Si) -(Pin S2) (Pins,). 

Let 

ri,i = Pi n Sj and P^ = Pi^i Pi,j;-i • Pi,j+i Pi,n. 

Note that each Pi^j is of finite index in Si(Z). 

Given any i, choose some j such that 7rj((/)(Pi^j)) is nontrivial. Let Ai 
be the Zariski closure of 'iTj{(f){Ti^i)) in Sj, and A2 be the Zariski closure 
of 7rj{4>{T\)) in Sj. Replacing Pi with a finite index subgroup if necessary, 
we may assume both Ai and A2 are connected. Then Ai commutes with 
A2 because Pi^j commutes with P*^. Note that TTj{(p(ri^i)) • 7rj{(p(r\)) is 
commensurable with Sj(Z), hence Zariski-dense in Sj by Theorem 12.101 
Therefore Ai • A2 = Sj. Since tTj ((/>(Pi_j)) is nontrivial and Q-defined, and 
Sj is Q-simple, it must be that Ai = Sj. Since Ai commutes with A2 and 
A2 is connected, it follows that A2 is trivial. Therefore 7rj{(j){T\)) must be 
trivial. 

It follows that for each i there is exactly one j so that TTj((j){Ti^i)) is 
nontrivial. Therefore for each i there is exactly one j so that the image of 
Pi^j under (/> is a subgroup of Sj of finite index in Sj(Z). It follows from 

Theorem 1 2 . 1 2 1 that virtually extends to an isomorphism <I>j : Sj — t- S,-. 

ij- 1,1 

The map $ : S — > S defined by $ L = <I>i is a Q-defined automorphism 
virtually extending (/>, and so H is surjective. □ 

7.2. More general lattices in semisimple groups. A lattice P in a con- 
nected semisimple Lie group S with finite center is irreducible if the projec- 
tion of P to S/N is dense for every nontrivial connected normal subgroup 
N < S. Let P < 5" be an irreducible lattice in a connected semisimple Lie 
group with trivial center and no compact factors. The relative commen- 
surator Comm5(P) satisfies a dichotomy (see |Zim84| ) : either Comm5(P) 
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contains F as a subgroup of finite index, or Comm5(r) is dense in S. In fact, 
it is a celebrated theorem of Margulis that this is precisely the dichotomy 
of arithmeticity versus non-arithmeticity. 

Theorem 7.4 (Margulis, see |Zim84] . |Mar91] ). LetT < S be an irreducible 
lattice in a connected semisimple Lie group with trivial center and no com- 
pact factors. Then Comm5(r) is dense in S if and only ifV is arithmetic. 

We summarize the above results: 

Theorem 7.5. Let T be an irreducible lattice in a noncompact connected 
semisimple Lie group S. Assume that S is not locally isomorphic to PSL2(M). 
One of the following holds: 

(1) T is arithmetic and there is aQ-defined, connected, simply- connected, 
Q-simple, semisimple algebraic group S so that 

Comm(r) « Aut(S)(Q). 

Moreover, the group Aut(r) is commensurable wit/i Aut(S)(Z). 

(2) r is not arithmetic and Comm(r) = T. 

Proof. Suppose F is arithmetic. Then there is a Q-defined, connected, 
simply-connected, semisimple algebraic group S without Q-compact factors 
so that r = S(Z). Since T is irreducible in S, the group S is Q-simple. 
The isomorphism Comm(r) ~ Aut(S)(Q) follows from Theorem 17.31 Since 
Aut(r) is commensurable with T and T is commensurable with S(Z), the 
result follows since S(Z) is commensurable with Aut(S)(Z). 

Now suppose r is not arithmetic. Let S' = S/Z{S) and n : S ^ S' the 
canonical projection. There is a finite index subgroup of F taken faithfully to 
a lattice V < S'. Let N be the maximal compact factor of S' and S" = S' /N. 
Then V contains a finite index subgroup T" mapping isomorphically to a 
lattice r" < S". By Mostow-Prasad-Margulis rigidity (c.f. [ Mos73) ). every 
commensuration of T" extends to an automorphism of S". Since [Aut(S'") : 
Inn(S"')] < oo, where Inn(S"') is the group of inner automorphisms of S", it 
follows that [Comm(r") : Comm5//(r")] < oo, and hence [Comm(r") : T"] < 
oo by Theorem 17.41 Since T" is of finite index in F, the result follows. □ 

The case that S = PSL2(M) is dramatically different. 

Proposition 7.6. Suppose S is locally isomorphic to PSL2(M) and T < S 
is a lattice. Then there is no faithful embedding Comm(r) — )• GLjv(C) for 
any N. 

Proof, r is either virtually free or virtually the fundamental group of a closed 
surface. All finitely generated free groups are abstractly commensurable 
to each other, as are all closed surface groups. Therefore we have that 
Comm(r) is isomorphic either to Comm(i<2) or to Comm(7ri(S2)), where 
Fn is the free group on n letters and T,g is a closed surface of genus g. 

A group G has the unique root property if x*^ = implies x = y for all 
x,y G G and nonzero k. If G has the unique root property and H < G 
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is a finite index subgroup, then the natural map Aut{H) — > Comm(G) is 
faithful (see |Odd05] ). It is easy to see that free groups and closed surface 
groups have the unique root property. Therefore Aut(F„) < Comm(F2) for 
all n > 2, and Aut(7ri(Sg)) < Comm(7ri(S2)) for all g >2. 

In |FP92j it is shown that Aut(-F„) is not linear for any n > 3. Therefore 
Comm(i<2) cannot be linear. On the other hand, the proof of |FLM01t 1.6] 
shows that for each there is some go so that g > go then Mod^(Sg^i), 
the extended mapping class group of the punctured surface of genus g, has 
no faithful complex linear representation of dimension less than or equal to 
A^. Since Mod^(Sg^i) ~ Aut(7ri(Sg)), it follows that Comm(7ri(S2)) is not 
linear. □ 

Nonarithmetic irreducible lattices can occur only in groups isogenous to 
SO(l,n) or SU(l,n) up to compact factors. We will use this fact in ^ 

Theorem 7.7 (see |Mar91] . |GS92j ). Let S be a connected semisimple 
Lie group with trivial center and no compact factors. Suppose either S = 
Sp(l,n) forn > 2, S = F^'^° , or M-rank(S') > 2. Then every irreducible 
lattice in S is arithmetic. 

7.3. Example: PSL„(Z). Let S = PSL„(M) and T = PSL„(Z) for n > 3. 
There is an isomorphism Comm(r) ~ Comm5(r) x (r), where r is the order 
2 automorphism given by t{A) = [A^^y. To compute Comms(r), we apply 
the following theorem of Borel. 

Theorem 7.8 ( [Bor66| ). Let S be a Q- defined, connected, semisimple al- 
gebraic group without Q-compact factors and with trivial center. Then 

Comms(S(Z)) = S(Q). 

To apply Borel's theorem it is necessary to understand the structure of 
PSL„(C) as an algebraic group. The group PSL„(C) acts faithfully by 
conjugation on M„xn(C), the space of n x n complex matrices. This ac- 
tion is by C-algebra automorphisms. In fact this gives an isomorphism 
PSL„(C) Aut(M„xn(C)) by the Skolem-Noether theorem. The group of 
algebra automorphisms of M„xn(C) is a Q-defined subgroup of GL„2 (C). Let 
S„ denote the group PSL„(C) equipped with this structure as a Q-defined 
algebraic group. 

The quotient map tt : SL„(C) S„ is a Q-defined map of Q-defined 
algebraic groups. Note that 7r(SL„(Z)) is not generally equal to S„(Z). 
For example, the matrix (o -?,) ^ SLn(C) projects to an element of S„(Z). 
However, it suffices to show that S„(Z) is commensurable with PSL„(Z). 

Theorem 7.9 ( [ Bor66j ) . Let tt : Ai — )• A2 be a surjective Q-defined mor- 
phism of algebraic groups. Then 7r(Ai(Z)) is commensurable with A2(Z). 

Corollary 7.10. PSL„(Z) is abstractly commensurable with Sn(Z). 

Corollary 7.11. Ifn>3, then 

Comm(PSL„(Z)) ^ S„(Q) x (r) . 
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Beware! The group S„(Q) is not isomorphic to PSL„(Q) under the defi- 
nition PSL„(Q) = SLn(Q)/Z(SLn(Q)). In fact, S„(Q) is much larger than 
PSL„(Q) for n > 2. This may be seen precisely by an argument using Galois 
cohomology. The kernel of vr : SL„ Sn, is isomorphic to the multiplicative 
group of order n, denoted /x^. As in |PR94^ 2.2.3], the exact sequence of 
Q-groups 

1 ^ ^„ ^- SL„ ^- S„ 1 
gives rise to a long exact sequence of cohomology groups 



1 



/if 



There is an isomorphism 
erated for n > 2, hence [S^ 
isomorphism 



PSL„ 



This is infinitely gen- 
oo. In general, there is an 



A 



A £ GLn 



8. COMMENSURATIONS OF GENERAL LATTICES 

Suppose r is a lattice in a connected Lie group G which is not necessarily 
either solvable or semisimple. Our main result is: 

Theorem II. 2L Suppose G is a connected, linear Lie group with simply- 
connected solvable radical. Suppose T < G is a lattice with the property that 
there is no surjection (j) : G ^ H to any group H locally isomorphic to any 
SO(l,n) or SU(l,n) so that (/'(P) is a lattice in H. Then: 

(1) T virtually embeds in a <Q-defined algebraic group G with Zariski- 
dense image so that every commensuration [0] E Comm(r) induces 
a unique Q-defined automorphism of G virtually extending (p. 

(2) There is a Q-defined algebraic group B so that 

Comm(r) « e(Q) 
and the image o/ Aut(r) in B is commensurable with B{'L). 

The proof of Theorem 11.21 proceeds in four steps: 

(1) Construct the algebraic group G, called the virtual algebraic hull of 
r, such that P virtually embeds in G with Zariski-dense image. 

(2) Show that commensurations of P induce Q-defined automorphisms 
of G. 

(3) Show that Aut(G) has the structure of an algebraic group, and that 
Comm(P) is realized as the Q-points of a Q-defined subgroup of 
Aut(G). 

(4) Show that the image of Aut(P) in Aut(G) is commensurable with 
i3(Z). 
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Proof of Theorem Let F be as in the theorem. Let R be the solvable 
radical of G. 

Step 1: (Construction of virtual algebraic hull). We will construct G 
as the semidirect product of a solvable group H with a semisimple group S. 
Roughly speaking, H is the virtual algebraic hull of the "solvable part" of 
r, while S is a Q-defined semisimple group without Q-compact factors such 
that the "semisimple part" of T is abstractly commensurable with S(Z). To 
make this precise, we modify the Lie group G and lattice F as follows. 

Because G is linear, there is a connected semisimple subgroup S < G 
so that G = R xi S. Let S be a Q-defined linear algebraic group so that 
S = S'(M)'^. There is a simply-connected algebraic group S' and a surjection 
TT : S' ^ S' with finite central kernel. Let S = S'(M)°. Then tt : S S 
is a finite covering map with central kernel. The lattice Ts < S lifts to a 
lattice < 5. Replacing S by 5 and F by F, we may assume that G is 
algebraically simply-connected. 

First let K be the maximal compact quotient of S such that F projects 
to a finite subgroup of K. Because G is algebraically simply-connected, K 
may be identified with a subgroup of S, and there is a subgroup 5' < S so 
that S = S' X K. Then F n 5" is of finite index in F, so we may replace S 
by S' and assume that F projects densely into the maximal compact factor 
of S. It follows by [Sta02, 4.5] that, passing to a finite index subgroup of 
F, we have chosen 5 < G so that F = (F n i?)(F n 5). Let Tr = TnR and 
Fs = F n 5". This makes precise our notions of "solvable" and "semisimple" 
parts of F. 

We now want to find a Q-defined algebraic group S without Q-compact 
factors so that F^ is abstractly commensurable with S(Z). Because S is alge- 
braically simply-connected, there is a decomposition S = Si x • • • x 5/j so that 
F<j virtually decomposes as F^^i x • • • x F^ fc, where F^^, < Si is an irreducible 
lattice for each i. Since each F<j^j does not project to a lattice in SO(l,n) 
or SU(l,n), it follows from Theorem 17. 71 that for each i there is a connected 
Q-defined semisimple algebraic group Sj and a surjection tTj : Sj(M)^ — > Si 
with compact kernel so that 7rj(Si(Z) n Si(M)'^) is commensurable with T^^i- 
Set 

k 

S = Si X • • • X Sfc and F', = JJ Si(Z) n Si(M)°. 

i=l 

Each Si is Q-simple and Si(M)'^ is not compact, so S is without Q-compact 
factors. 

Our next goal is to define an action of S the virtual algebraic hull of F^. 
To do this, we use the fact that the virtual algebraic hull of F^ is a real 
algebraic hull for any unipotently connected, simply-connected solvable Lie 
group R containing F^ as a Zariski-dense lattice. A classical construction 
may be used to produce a simply-connected solvable Lie group R' so that 
Tr is Zariski-dense in R' and R' is unipotently connected. To ensure that 
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we can apply this construction while respecting the action of S, we present 
a proof based on ideas in [BKllj . 

Lemma 8.1. Suppose G = R y\ S is an algebraically simply- connected Lie 
group with R solvable and S semisimple. LetV = (rnii)(rn5) be a lattice, 
and set F,. = F n i? and Fg = F n 5. There is a finite index subgroup F' < F 
of the form F' = F^ xi F^ and a simply- connected solvable Lie group R' so 
that T' is a lattice in R' xi S, with the property that F^ is Zariski-dense in 
R' and R' is unipotently connected. 

Proof. Let Upt be the real algebraic hull of R and Hp the virtual algebraic 
hull of Tr . There is a finite index characteristic subgroup F^ < F^ so that Hp 
is the algebraic hull of F^. By [BKlll 5.3] we may moreover assume that 
there is some simply-connected solvable Lie group R' that is unipotently 
connected and so that F^ is Zariski-dense in R'. The algebraic group Hp 
is a real algebraic hull for R' by [BKIH 3.11]. In particular, we identify R' 
with a subgroup R' < Hr(M) containing F',. 

By [BKlll 3.9], the inclusion T'^ < R extends to an M-defined embedding 
Hp — )■ Hr. The action of 5" on i? extends to an action of S on by 
M-defined algebraic automorphisms. Let $ be an M-defined automorphism 
of induced by some s € 5". We would like to show that $ preserves R'. 

Let be the maximal connected nilpotent normal subgroup of R, and let 
F denote the Zariski-closure of Fitt(F) in Hr. We clearly have < F. It 
follows from |BK1H 3.3] that N < H/j(M) is normal. Because S is connected, 
the action of S on R/N is trivial by [ BKll^ 6.9]. It follows that ^>(F) = F. 
By density of i? < Hr, we conclude that $ is trivial on the quotient Hr/F. 

Let A^' be the maximal normal nilpotent subgroup of R' . Then F(M) = 
N' in Hr because R' is unipotently connected. It follows that <5(i?') C 
i2'F(M) = R', and so <I> induces an automorphism of R'. This agrees with the 
given action of F^ on F^, so we may form the semidirect product G' = R' yi S 
containing the lattice F' = F^ x F^. □ 

We may therefore assume that the radical i? of G is unipotently connected 
and F^ is Zariski-dense in R. Let H be the virtual algebraic hull of F^. 
Because R is unipotently connected and F^ is Zariski-dense in R, [BKllt 
3.11] implies that H has the structure of a M-defined connected algebraic 
hull of R. There is a representation p : S ^ AutiR(H) by the automorphism 
extension property of the algebraic hull. Because S is simply-connected, 
p extends to an M-defined representation p : S — )• Aut(H) by Proposition 
12.91 Since F^ preserves F^, we have that p(T) is Q-defined for every 7 G 
F^. Because S is without Q-compact factors and connected, we know F^ 
is Zariski-dense in S by Theorem 12.101 It follows that the representation 
p:S^ Aut(H) is Q-defined. 

The definition of the variety structure on Aut(H) implies that the action 
map a : H X Aut(H) — >■ H is a Q-defined map of varieties. It follows that 
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the action map H x S — >• H is Q-defined. The semidirect product of groups 

(14) G = H X S 

therefore has the structure of a Q-defined algebraic group. It is evident from 
the construction that T embeds in G(Q) as a Zariski-dense subgroup. This 
concludes the first step of the proof. 

Step 2: (Extension of commensurations). We now construct a map 

^ : Comm(r) ^ AutQ(G). 

Let A be a thickening of F,- in H with nilpotent supplement C and good 
unipotent shadow 9, as in Proposition l5 . 1 5l The action of Pg on F,. extends to 
an action on A. Then A x F^ is a Zariski-dense subgroup of G(Q) containing 
F as a finite index subgroup. 

Lemma 8.2. Let U denote the unipotent radical o/H. Suppose u € U(Q). 
Then conjugation by u induces a commensuration ofT. 

Proof. Suppose u € U(Q). Let F = Fitt(H). Conjugation by u induces two 
partial automorphisms: a partial automorphism (j)g : 9i ^ 02 of 9, and a 
partial automorphism : Ai — )■ A2 of F^ by Theorem 16.11 As in the proof 
of Theorem 16.11 we may choose 9i, 02, Ai, and A2 so that PI F = Fitt(Aj) 
for i = 1,2. We want to find some finite index subgroup F^' < F^ so that 
conjugation by u induces an isomorphism AiF^' — > A2F'/. 

Let be the maximal connected normal nilpotent subgroup of R. Be- 
cause S is connected, Lie theory gives that the action of S" on i? is trivial 
on R/N (see |BK1H 6.9]). Since is Zariski-dense in the Fitting subgroup 
F < H by [ BKIH 5.4], the induced action of F^ on H is trivial on the 
quotient H/F. Therefore for any s € F^ we have 

(15) sus-'^u"^ G F. 

Restricting our attention to A, we see that for any s € F^ and c € C, there is 
some / G Fitt(A) so that scs~^ = fc. It follows that conjugation by s G Fg 
preserves 9. Let F^ < F be a finite index subgroup normalizing both Ai 
and A2. Then F^ also normalizes both 9i and ^2- By Lemma 16.21 there is 
a finite index subgroup F'^,' < F'^ so that usu~^s~^ G 6*1 n 6*2 for all s G F'/. 
Combining this with (jl5p . for all s G F^' we have 

(16) usu-^s-^ G Fitt(Ai) n Fitt(A2). 

The same arguments as in Claim 1 of the proof of Theorem 16.11 show that 
conjugation by u induces a partial isomorphism AiF^' ^2^3 of A x F^. □ 

Proposition 8.3. Every commensuration [(p] G Comm(F) induces a unique 
Q-defined automorphism of G virtually extending (p. Hence there is an in- 
jective homomorphism 



C : Comm(F) ^ AutQ(G). 
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Proof. Suppose there are finite index subgroups Ti and r2 of A xi Tg with 
: Fi — )• r2 a partial automorphism representing [(f)]. Passing to a finite 
index subgroup so that Fg n Z{S) is trivial, we may assume that Fj n H is 
the unique maximal normal solvable subgroup of Fj for i = 1,2 (cf . j Pra76t 
Lemma 6]). It follows that (/)(Fi n H(M)) = F2 n H(M), and so (p induces a 
commensuration [(pn] E Comm(A) by Lemma 13.51 It follows from Corollary 
15.121 that (f)R extends to an automorphism ^>/j E Aut(ij(H). 

Now let L be the Zariski-closure of (j){Ti riTg) in G. Then L is Q-defined, 
and is semisimple by |Sta02[ Theorem 2]. (Note that here we are using the 
assumption that F^ does not surject to a lattice in any SU(1, n) or S0(1, n).) 
There is some u G U(Q) conjugating L into S by Theorem 12.61 It follows 
from Lemma 18.21 that Inn„ o(f) virtually restricts to a partial automorphism 
05 : Ai — > A2 of F^. The partial automorphism (ps virtually extends to a 
Q-defined automorphism ^ AutQ)(S) by Theorem 17.31 

Define an automorphism <I> € Aut(G) by 

^>(r,s) = Inn„-i ($kW,^s(s)) ■ 

Then <I> virtually extends the partial automorphism This extension is 
unique up to choice of u G U(Q) conjugating L to S. However, any two 
such u differ by an element of U(Q) centralized by S, hence ^ is unique. □ 

Step 3: (Algebraic structure). We now show that the image of ^ : 
Comm(F) — )■ AutQ(G) has the structure of the Q-rational points of a Q- 
defined algebraic group. We first show that Aut(G) in fact has the structure 
of a Q-defined algebraic group. 

Definition 8.4. A pair of automorphisms {^r,^s) ^ Aut(H) x Aut(S) is 
compatible if there is some $ G Aut(G) preserving S with = and 
$|g = ^s- Let C(G) C Aut(H) x Aut(S) be the set of compatible pairs of 
automorphisms . 

As both Aut(H) and Aut(S) have structures of Q-defined algebraic groups, 
their product Aut(H) x Aut(S) is a Q-defined algebraic group. 

Lemma 8.5. C(G) is a Q-defined subgroup o/Aut(H) x Aut(S). 

Proof. Let p : S —?■ Aut(H) be the Q-defined representation by conjugation. 
Any automorphism ^ G Aut(G) preserving S must satisfy 

o p{s)]{r) = ^{srs-^) = $(s)$(r)$(s)"^ = [p($(s)) o $](r) 

for all r G H and all s G S. From this it is clear that any {^r, ^s) £ C{G) 
satisfies 

(17) ^R o p{s) o o p{^s{s))~^ = Id G Aut(H) 

for all s G S. Conversely, suppose a pair {^r,^s) £ Aut(H) x Aut(S) 
satisfies (I17p for all s G S. Then the function $ : G — ?• G defined by 
<I>(r, s) = $ij(r)<I>5(s) is an automorphism of G, and so ($^,$5) G C(G). 
Thus C(G) is equal to the set of pairs {^r, ^s) satisfying (fTTll for ah s G S. 
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For a fixed element s € S, the solution set of equation (ITTj) is a Q-defined 
closed subset of Aut(H) x Aut(S). It follows that C(G) is a Q-defined 
subgroup. □ 

Lemma 8.6. The map 

G : U X C{G) Aut(G) 
^^^^ h^Inn„o$^o$5 

is a surjective group homomorphism with <Q- defined unipotent kernel. Hence 
Aut(G) has the structure of a Q-defined algebraic group, such that 

(19) AutQ(G) ^ Aut(G)(Q) « U(Q) x C(G)(Q)/(ker e)(Q). 
Proof. There is a natural action a : C(G) x U — )• U defined by 

Then q is a Q-defined morphism of varieties, so the semidirect product 
U X C(G) has the structure of a Q-defined algebraic group. Surjectivity of 
Q follows from Theorem 12. 6i One can easily check that 

ker(0) = {(u, Inn„-i , Id) G U x C(G) j u is centralized by S} . 

Since the action of S on H is Q-defined, ker(0) is a Q-defined unipotent 
subgroup of Ux C(G). Hence the quotient UxCr(G)/ker(0) is a Q-defined 
algebraic group. The former isomorphism of (jl9p follows from Theorem 12.61 
and the definitions of the Q-structures on Aut(H) and Aut(G), and the 
latter follows from the standard arguments of [PR941 2.2.3]. □ 

We will now show that the image of 

C : Comm(r) ^ Aut(G) 

is equal to the Q-points of a Q-defined subgroup of Aut(G). Let ^ 
Aut(H) be the Q-defined subgroup such that .Ar^(Q) ~ Comm(r,.), as in 
Theorem II. 1[ Define 

e={$GAut(G) I $|jjG^r.}. 

Then B is evidently a Q-defined subgroup of Aut(G). It is clear that 
^(Comm(r)) < ^(Q). 

Proposition 8.7. The map ^ : Comm(r) — t- B{Q) is an isomorphism. 

Proof. Clearly ^ is injective. Suppose <I> € B{Q_). By Theorem 12.61 there 
is some u € U(Q) such that Inn^ o<I) preserves S. Since Inn^j G ^^r,.) it 
follows that Inn„o$ G B{Q). Therefore there are G ^r^lQ) and G 
Aut(S)(Q) such that Inn^ = ^ro $5. 

We have that ^r induces a partial automorphism (pR : Ai — t- A2 of A 
by Theorem II. 1^ and $5 induces a partial automorphism (ps : T^.i — t- r<j^2 
of Ts by Proposition 17.21 We may choose Ai to be characteristic in A, and 
then choose Ts.2 to normalize A2 < A. It follows that there is a well-defined 
isomorphism cp : AiTg^i — )• A2rs^2 defined by (pir^s) = $i^(r)$5(s), which 
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clearly satisfies £,{[4']) = ^R°^s- Since Inn„ G ^(Comm(r)) by Lemma [8121 
it follows that $ G ^(Comm(r)). □ 

Step 4: (Aut(r) commensurable with S(Z)). It remains only to show 
that Aut(r) is commensurable with S(Z). For this, we first show that the 
element u € U(Q) arising in the proof of Proposition 18.31 can be chosen in a 
controlled way. Given a vector space V of finite dimension, a subset L C.V 
is a vector space lattice if L is a finitely generated Z-submodule spanning V. 

Lemma 8.8. Let P be any group acting nontrivially and irreducihly on a 
vector space V ~ M". Suppose P preserves a vector space lattice L' C y. 
Then there is a vector space lattice L CV such that if v — p ■ v G L' for all 
p G P, then V L. 

Proof. The action of P descends to an action of P on the torus V/L' . It 
suffices to show that this action has finitely many fixed points, as these fixed 
points lift to the desired vector space lattice L OV. To see this, simply note 
that the fixed point set X of the action of P is a closed, hence compact. 
Lie subgroup of V/L'. The dimension of X must be zero by the assumption 
that P acts irreducibly and nontrivially on V. Therefore X is finite. □ 

Lemma 8.9. There is a subgroup A < U(Q) commensurable with U(Z) 
such that if (p (z Aut(r) extends to <I> € Aut(G) then there is some w G A 
such that 

(Inn„o$)(S) C S. 



Proof. Let u denote the Lie algebra of U. As in the proof of Lemma 16. 2^ 
the action of Tg on U induces a linear action of Ts on u. Let be a good 
unipotent shadow of F^. For each </> G Aut(F) and each 7^ G Fg, there is 
some 7r G Fitt(Fr) so that 

'/'(0,7s) = (7r,7s)- 

Suppose that <I> G Aut(G) extends (p and u G U(Q) satisfies (Inn^ o<I))(S) C 
S. Since Fitt(Fr) < 6, it follows that ^(7^ • u~^) G 9 for all 7s G Fg. The 
action of F^ on u preserves a vector space lattice L' C u containing log(6') 
such that, if V = log{u), 

V — Js • V ^ L' 

for all 7s G Fg. Because S is semisimple, the action of F^ on u is completely 
reducible. Applying Lemma 18.81 to each irreducible component of this rep- 
resentation of Tg, we may find some vector space lattice L C u such that 
u G U(Q) may be chosen such that log(ii) G L. Because log{6) C u(Q), 
we may chose L C u(Q). Let A < U(Q) be any subgroup such that log(A) 
is a vector space lattice containing L with finite index. (Such a subgroup 



exists by the methods of Seg83[ §6B].) The fact that A is commensurable 



with U(Z) is immediate from the fact that log(A) C u(Q) is a vector space 
lattice. □ 
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Now let 

^a,h = {^G^h|f|$(A)CA}. 

Then ^a,h is commensurable with -4.h|f(^) by |BG061 8.1], hence is com- 
mensurable with Aut(rr). Define a Q-defined subgroup of C(G) by 

Cr(G) = {{^R, <^s) G C{G) I <^R G ^r.} , 

and 

Aa = {{<^R, ^s) G Cr(G) I ^R G Aa,h and ^si^s) = . 
Then is commensurable with Cr(G)(Z). Note that the map Q of Lemma 
18.61 descends to a map 

e : U X Cr(G) ^ Aut(G), 
and there is an isomorphism of algebraic groups 

fi^UxCr(G)/ker(e). 

Let 

AutA(r) = Aut(r) I G ^a,h} . 

Note that [Aut(r) : AutA(r)] < oo. By Lemma 18.91 there is a map 

C : AutA(r) ^ A X AA/ker{e). 

This map is clearly injective, and the preceding discussion shows that its im- 
age is of finite index. Therefore the image of Aut(r) in B is commensurable 
with jB(Z). This completes the proof. □ 

Remark. The assumption that our lattice is superrigid in S cannot be re- 
moved. Consider for example S = SO(l,n) for n > 2 with a lattice T < S 
such that r/[r,r] is infinite. Let r : P ^ Z be any nontrivial homomor- 
phism. Then (/)T-:Zxr— t-ZxF defined by 

is an automorphism of Z x L, which is a lattice in M x S*. However, (p^ neither 
is induced by conjugation by an element of Q C M nor preserves S in any 
sense, and (pr cannot be extended to an automorphism of M x S". 

Automorphisms of the form cpj- as above are in one-to-one correspondence 
with elements of H^{T,Z). If A < F is a finite index subgroup and a € 
-fr^(A,Z), then cp^j defines a partial automorphism of Z x L. In this way we 
identify the inverse limit 

C = ]^{H^{A,Z) I [r : A] < oo} 

with a subgroup of Comm(Z x F). Commensurations in C do not extend 
to automorphisms of M x S. For any finite index subgroup A < F, we may 
identify H^{A,Q) as a subgroup of C. In this way, the virtual first rational 
Betti number of the semisimple quotient of a lattice may be seen as an 
obstruction to the realization of commensurations as automorphisms of an 
algebraic group. 
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